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techniques  in  studying  the  behaviOT  of  operators  acting  on  function  spaces. 

A  fundamental  idea  in  Fourier  analysis  is  that  the  Fourier  Transform 
^ves  a  simultaneous  diagonalization  of  a  small  but  very  important  class  of 
operators  including  differentiation  and  integration.  3n  the  other  hand,  the 
Fourier  Transform  is  not  well  suited  for  studying  mtdtiplication  operators. 
The  wavelet  transform  (and  related  transforms)  don’t  diagonalize  any 
interesting  classical  operators.  However  these  transforms  give  excellent 
simultaneous  almost  iiagontlurniion  of  a  very  large  class  of  operators  which 
includes  differentiation,  integration,  and  multiplication;  and  in  fact,  more 
generally  singular  integral  operators  and  pseudo-differential  operators. 
Professor  Rochberg’s  recent  work  has  been  to  use  this  fact  to  study  such 
operators.  Some  of  the  work  has  been  in  the  “real  variable”  tradition,  other 
parts  have  involved  operators  on  spaces  of  analytic  functions. 

Real  Variable  Results:  The  idea  of  using  NWO  sequences  (which  are  a 
variation  on  the  idea  of  wavelets)  to  study  operators  on  function  spaces  is 
outlined  in  the  stirvey  [Rj.  Because  these  techniques  give  simultaneous 
almost  diagonalization  of  potential  operators  (i.e  fractional  order 
integration)  and  multiplication,  the  techniques  can  be  used  to  study 
weighted  norm  estimates  for  potential  operators.  In  addition  to  being  of 
intrinsic  interest,  such  results  are  known  to  be  related  to  estimates  for  the 
eigenvalues  of  the  Schodinger  equation.  These  ideas  are  outlined  in  [Rl] 
and  developed  in  detail  in  [R2].  The  same  ideas  can  be  taken  further.  The 
decomposition  of  functions  induces  a  decompositimi  of  operators.  This  can 
be  used  to  write  complicated  operators  as  a  sum  of  simple  operators. 


When  such  a  decomposition  of  the  operator  is  used  with  a  Neumann  series 
representation  for  eigenvectors  a  complicated  representation  is  obtained  for 
the  eigenvector.  This  expression  can  then  be  analyzed  using  the  hyperbolic 
geometry  of  the  wavelet  phase  space.  The  result  is  pointwise  estimates  for 
eigenvectors  of  singular  integral  operators  and  for  solutions  of  certain 
differential  equations  with  rough  coefficients.  This  is  presented  in  [R3]. 

Comidex  Variable  Results:  Wavelets,  as  well  as  related  ideas  such  as 
using  the  Bergman  kernel  function  or  using  molecular  decompositions  in 
spaces  of  holomorphic  functions,  give  good  approximate  diagonalization  of 
the  Bergman  and  the  'Cauchy-Szego  projection  as  well  as  of  multiplication 
operators.  Hence  those  ideas  can  be  used  effectively  to  study  Hankel.  and 
Toeplitz  operators  which  are  built  by  mixing  multiplication  and  projection. 
Those  tools  can  also  be  used  to  obtain  sparse  (although  not  approximately 
diagonal)  realizaticms  of  composition  operators  on  ^aces  of  holomorphic 
functions.  Much  of  Rochberg’s  techniques  to  study  Hankel  operators, 
Toeplitz  operators,  and  composition  operators  on  spaces  of  holomorphic 
functions. 

Some  of  this  work  done  with  my  former  student  Z.  Wu.  This  work, 
mentioned  briefly  in  the  previous  progress  report  is  described  in  [RWl]  and 
IRW2]. 

With  my  current  student,  Peng  Lin,  I  am  investigating  Hankel 
operators  on  spaces  with  weights.  This  has  resulted  in  the  mantiscripts 
(LRl]  and  [RW2]. 

My  student  Hong  Xian  is  stud^g  composition  operators.  The  starting 
point  for  his  investigation  was  an  attempt  ot  find  a  analog  of  the  pointwise 
eigenvector  estimates  of  [US]  in  the  context  of  composition  on  the  Hardy 
•pace.  The  project  evolved  and  we  have  found  a  number  of  interesting 
rdatkms  between  the  size  of  composition  operators  and  the  size  of  their 
principal  eigenvector.  A  manuscript  is  currently  is  being  prepared. 

Wavelets  and  related  techniques  would  also  be  expected  to  give  sparse 
representations  of  operators  made  by  mixing  mtdtiplication  and 
composition  qperaUns.  I  am  currently  supervising  the  research  of  J.  Wang 
on  the  properties  of  this  class  of  operators.  This  class  of  operators  i  a 
natural  extension  of  the  class  which  1  studied  in  [R4]. 


CSanodlatiaiu  A  recurrent  theme  in  both  the  real  and  complex 
variable 

work  is  the  appearance  of  certain  subtle  cancellations.  In  the  real  variable 
work  the  cancellation  shows  up  in  commutator  and  paraproduct  estimates. 
In  the  complex  variable  result  it  shows  up  in  the  boundedness  criteria  for 
Hankel  operators.  Also,  it  has  recently  been  noted  that  this  cancellation  is 
closely  related  to  the  theory  of  compensated  compactness.  Recently  I  have 
been  exploring  this  type  of  cancellation  in  the  context  of  singular  integral 
operators  [GR],  Hankel  operators  [PR],  and  interpolation  theory  [R5]. 
Although  I  have  been  able  to  obtain  results  in  each  context,  the  und^lying 
general  pattern  remains  elusive  and  is  one  of  the  themes  of  my  current 
work. 

Professors  Weiss  and  Taibleson  have  continued  their  work  on  the  ^ 
transform  and  V>-transform  and  the  characterization  of  wavelets  in  terms  of 
the  Fourier  transform.  Together  with  one  of  thrir  students,  Xihua  Wang, 
and  post  doctoral  fdlow  Xiang  Fang  they  have  obtained  several 
characterizations  of  classes  of  wavelets. 

It  is  well  known  that  the  Fourier  transform  of  an  orthronormal 
wavelet  must  be  supported  on  a  set  of  measure  at  least  2x.  When  the 
measure  of  the  support  equals  2]r,  the  wavelet  in  question  is  called  MSF 
wavelet  (minimal  supported  frequen<7  wavelet).  They  have  shown  that  all 
these  wavelets  are  characterized  by  a  rather  simple  equation.  Moreover, 
they  have  a  description  of  those  wavelets  that  do  and  those  that  do  not 
arise  from  multi-resolution  analysis.  Moreover,  certain  algorithms  have 
been  developed  that  enable  us  to  obtain  MSF  Wavelets  that  are  not  band 
limited.  This  work  is  now  being  prepared  for  publication. 

In  collaboration  with  E.  Berkson  of  the  University  of  Illinois  and  M. 
Paluszynski,  a  post  doctoral  fellow  of  the  University  of  Wroclaw,  Weiss  has 
obtained  a  wavelet  characterization  of  all  multiplier  operators  on  LP(R^). 
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Descr^tkm  of  Work  Dote  Ikroo^  April  15, 1992 


Praieaon  Rodibei]^  lUMeton,  and  Wdss  hive  be«  vtoiSing  in  varions  difSBieat  areas  rdated  to 
Wavdet  Theory. 

PrafBodr  Rochbeq[%  vracfc  is  aMSdy  ooooeatfued  in  the  stBdy  ot  classical  ^aoes  of  (hnctions  and 
openioisoadKKeqwoek  The  nnlQfim  these  viUchoonneeis  the  topics  is  Aeoeotialrole  played,  eaTlicitfy 
or  ia^Qcii^.  hy  ncdoos,  peneiaily  the  transittinn  and  dilation  ftonp  (Tax  +  b  gronp*)  which  is  at  the 
heart  of  wawdet  anUprit.  Mote  yedflcally  his  viotk  lies  in  three  areas;  NcajtyWeakiyOrtl>oiKmnaI(NWO) 
se^neacei,  ChMertsTbepMttopeiatois,  and  Dhidiiet  Spaces  of  Ana^tiePhnctioos. 


NWQ  Scgneneeii  TlMse  are  seqMaoes  of  ftancsions  in  in  which  each  fhacdon  it,  loathly, 
iocattaedatadpi^oahe.  IleflnctiansareaacHiediobe  abhlnseraadioacharthaawnwdetsbnttii^ 

Qiiw  ft  wftIT  SHUV  IQIO  Ift  COnaUft  ftQQQftipOHIIuBB  OK  lOOCIIOflft  IB  CBHHBCU  IBHCQuIl  IDBOCK  IKOin  IlUJ*  IB 

pirtieaiar,  laiieciHMS  of  dafolar  tattcpal  operttois  can  be  wi&aenM  saatt  of  lankooe  opemort  associaaed 
with  NWO  aeqneaoes.  Thb  |i«es  a  way  nseftd  toot  for  obtainfaig  boondedaest  criteria  and  dgeavobe 
mtitnMtm.  He hss leccattf been odag HWO seycoBes s n toolin ObtafaiiBg boondednew lod c^eiwaloe 

Snr  iMy  Amm  t<t  mmifama  pntjtfal  apwtni*  »aA  far  thft  &*rtVthigeT  lyemar  pt^  lUs 

approach  ghasaoit  Of  the  kaotmnsaltteasfllf  and  ^dddlyttiicilMaieirianlls.  These  ideas  are  taken 
ftother  in  |R^  where  he  stadies  the  slae  of  eigeavecaots  for  cettaitt  tingdar  fnaegial  operators. 


Those  letniii,  wUeh  are  for  a  idati«e|y  tfaapie  niodel  operator;  are  very  saggesthe  and  he  hopes  to 
be  able  to  Ohrafai  siadiar  renftt  for  the  dgaraecton  of  a  laige  chat  of  operators  taclndiag  the  SdiiOdiaga 
operator;  He  aho  phns  to  ate  NWQ  segtraaoer  to  stadjr  the  generaHaed  cjgeawBctors  of  the  SchrOtttga 
operator  (Le.  flaaiotB  whkh  are  aoc  la  L*  bat  do  sitiify  the  dgearaiae  eqna^)  by  wotUag  with  die  Bom 
aetlea(Miramannserira)araociatedwiththeIJpinaa-SaHHagaeyiatlDe.  The haneHor the iderant integral 
operaioriaJ^ii 

vi^^00v^)ap(PEix-y|)|x<7i’' 

(hetewOOitthepoieaiidflmctloofordieSdirSdingaeiiaatiMi).  TbnseNWOseqoeaoa here, the teduiiqoe 
■nst  be  laodttied  to  ded  with  Qsdllaioty  herndt. 


GddcrdB*Tb^tttsapcralotss  lasettingindt^plicitloaoperatoriBtotheBetgininr^itodaciagfocinda 
ootheBograaa^aoeprodamTbqi^opentoisoatheBeignaaqtaoe;  Inseitio^^Bidt^iicidQa operator 
In  the  ChMerdtt  fionndn  (oontinnoas  wwdet  transformation)  on  prodooes  n  dass  of 

operators  whldhtyanaiegy,  we  cdIcaiderdo-'Poqplitt  operators.  These  operators  are  CdderdOfZygnmiid 
opetaioa  hat  cut  be  rtadied  by  tedudfaes  qdie  shaflar  to  those  seed  to  stad^  Toqpihz  operators  on  the 
Bergaara^aoek  in (BAqRochbeigcsiabiiihesacotrespoadeocepeiBd^fx these opeiatois which siyt that 
there  Is  ncocrespoadeoce  between  the  naniber  of  dgearalnes  of  siae  JLaadthewotnmeofthesecfn^hase 
spaoe  on  which  the  qfadMi  is  dote  to  X.  The  study  of  this  dass  of  operatois  is  taken  mach  farther  hi  the 


tkesis  oC  one  of  our  doaoral  stodeat,  K.  Ndwek,  who  reoentty  completed  his  studies.  Some  of  his  wocfc  is 
OHiteined  in  (Nl,23)>  In  addition  to  giving  new  resultt  for  ooounuuton  with  singniar  int^ral  operators,  his 
resuhs  also  a  new  Nweak  1*1*  eot^Ktint  lestdt  for  Hankel  operaton  on  the  Bergman  space.  That  result 
is  the  crucial  stqt  in  a  new  and  simple  proof  of  the  earlier  Sp  lesulu  for  those  operators. 

Dirfchict  Spnoea  of  Anaij^k  Ftaettaa:  Alttaongb  wavelets  can  be  used  to  obtain  decomposition 
theorems  for  dnssical  Amcdon  qmces  and  to  study  openiois  on  those  spaces^  it  is  often  more  convenient  to 
nse  reproducing  kernds  instead  of  wavelets.  The  theories  for  the  two  types  of  decompositions  are  generally 
qaite  similar.  Decorqwsitioa  theorems  based  on  reprodndng  kernels  are  known  to  be  quite  useftd  on  the 
Hardy  and  Bergman  spaces  (R6].  Recently,  in  coOabontion  with  Z.  Wn,  Rodiberg  has  been  working  on 
similar  analysis  on  the  Diifchlet  space  [RWliZ].  Fnndaineatal  new  diiBcnlties  arise  in  this  conien  doe  to  the 
potentki  theoiy  associated  with  the  Difichlet  qmce.  For  instance,  the  analog  of  Chtieson  measures  for  the 
Dtaichlet^iaoe  cannot  be  giveanporety  local  characterization.  However,  one  is  aMe  to  obtain  deconqmsition 
theoreatt  for  the  qmoe  of  Catkson  mensares  associated  to  the  Diridilet  qmoe  and  these  resnhs  can  be  used 
to  stnthf  operattns  on  the  Dirichlet  sp&et. 

Professor  Ihfoleson  Is  eogpged  in  the  construction  ttflibtaiies  of  bases  for  p<seties  bases.  Thiswotic 
geaenliaes  the  ISeries  bases  bolit  aronnd  the  HsatAVahh  libraries  that  are  in  cnireat  nse.  U  is  hoped  that 
this  may  result  in  finer  restdodon  (by  use  a  grqr  scale). 

Professof^  Tiibleson  and  Rochbeig  will  be  continuing  their  woric  with  their  student,  Susan  Kelly,  to 
def«dopanahPtkworittoaBahfaeOibb%eifecBforwtvdete9qMinsions.  Of  particnlar  interest  is  the  bdwvionr 
of  the  Olbb^  ellibct  for  Janqt  dhcoatlnnities  at  fmtional  points.  Ihe  Ofob'k  effect  at  non-dyadie  rational 
points  is  ftirly  weg  understood  but  it  nuy  be  chaotic  at  irrational  points. 

lUblesoB,  Rocttbetik  and  Weiss  will  be  working  jointly  with  Wang  XDina  and  Susan  Kelhr  on  a 
dewdopmeat  of  gnphical  reafizatioas  of  the  Qftbh  effects  as  wdl  as  the  devetopmeat  of  effideat  programs 
for  computing  the  asuignitode  of  the  Oibb'is  effects. 

Pretfessor  Webs,  in  ooDabondoa  with  A.  Bonami  and  F.  Soria  ^BSW)  has  obtained  necessary  and 
sufBcfeatoonditioasforafUacdonqriobeabaad^mitedOTtbogonalwawdet  More  specificalhr,  under  some 
natural  hypodietb  on  die  Fourier  transfocm,  of  fr*  foese  conditions  determine  ptedsehr  ^abea 

-  (2^«t(2^-k)},  iX  *  Z, 

baaorthoamamlbasbforL^).  One  interesting  aqmct  of  these  conditions  b  that  b  ■  |tl  bpredsehrone 
ofthebefllUnctiaBsassocitiedwithnlocalsine/oodnebnsbo(OoifinanandMqper(seejAWW|).  Tbeqpstem 
(tul  i*  then  made  of  dilates  of  such  local  bases.  Professw  Webs  has  also  continued  hb  research  on  the 
ea&slon  of  foe  f«transfotnt  methods  solaces  of  homogeneous  type  (see  pDTW),{HW|). 

Research  into  algorithms  dewdoped  at  Yale  Univetriqr  has  been  continued  at  Wadiingion  Unbetshy 
byM.V:^Mckefhaaserandlibarilabacalots:  qieeChrigttais^nieatation,one>aadtwo<dlmeiisionalbest4)asb 
transform  image  coBSpiemfon  algorithms,  and  computation  with  wavdett  and  wavdet  packets. 

Oae  tfflicniqr  with  localrine  and  ooslne  bases  as  described  in  [CW],  (AWW]  b  that  the  basb  dements 
afenocunifotmhrwdl4ocaIiaedintinie>fieqoeocy.  fo  the  oontinunmliidt  the  product  of  time  unoertainqr 
end  ftaqnenqrunoertainy  becomes  infinbe.  In  the  finite  approximation,  thb  means  lower  compression  ratios 
and  poorer  frequency  focaUadon  for  long  windows. 

Fostdocioral  reaeaidier  TOang  Fing  wrote  an  X-windows  based  qiplication  to  take  acoustic  signab 
nndaegfnenttiMmbythe*teail^foldn|fueisioaoftheadapiedlocalshietnnsfocm(CX^  Thbndiqptttion 
uses  windoiia  wtth  side  sieqmem  atynsted  to  tbeh  width  so  as  to  preserve  good  tinmfrequeogr  kxaUzation. 
The  convenient  intetfece  for  the  libraiy  of  subroutines  written  by  Fmg  in  1991  wM  speed  up  eaperimeats  in 


fpeecht^giitf  noofpiiioii.  I^bisalioiKxCKiiiedsewerdQcperimeafsiauueeooaipressioaaiidresuMvtkMi 
the  SMse  Ubmy  aad  b  writtef  tetotee  for  diat  as  well 

'  HV«  ^Wctorhaaser  has  prepared  a  ooe-dimansioiial  oommaad-Une  vertion  of  the  fast  approxiiBate 

KaifeaMa4joei«a||OfMUB(ite2-dfaaeadoiialveaiM  is  described  in  (Wl).  It  replaces  an  otdllatoiy  input 
■Ipwliiiili  a  aaallwaBbertrfparMnetea,  the  principle  oithofonalftciog  in  an  ottenible  of  test  signals.  This 
r  j^nenm  as  a  tai<«nd  fbr  a  <iae>dfBeasiQaal  s^nsl  dassificatioa  device.  b  caneatljr  undetfoinc  tests  at 

a  private  conqiaiy.  One  other  ^ppBetdon  of  thb  slgoritlun,  a  ooopeiathfe  effort  with  the  Attnospbetk 
lUffbdoa  Aai^isb  Ltboiatocy  OB^  Polyiediaiqne/Baopean  Space  Aceaqf).  b  awaiting  a  large  transfer  of 
data  ftan  Ranee. 

bi  a  series  ttfpqiea  on  rignsl  and  image  processing  [1M3],  [CMW]),  we  have  described  a  new 

lypiosch  to  a^nat  ptooecsiafr  shoaisg  that  signal  asal)isb  and  data  ocMii|icessioa  are  related  problems  and 
soMblehysiii^iaediods.  The  algorithms  behind  these  transibnns  are  being  proCessionally  implemented 
MT)  tenetai  ooa^miiiig  fdaffoems. 

Aa  eqiosiioiy  axtkie  [AWW]  describes  the  rdationsUp  between  the  local  codne  and  local  sine  bases 
atri  the  aaamthorthotoiial  wavelet  tfansfotin.  Althoqgh  the  main  Ideas  come  from  another  group,  we  feel 
that  a  detailed  eapostdoa  by  inqdememets  who  are  franPiaf  with  the  technical  detafls  has  a  sgtaratevaloe  even 
beside  the  <M^|Bal  artkies. 

CbOriwcatioo  with  M.  Euge  of  the  Boole  Nonnale  Svperienie  resalted  in  the  dbcoveiy  of  a 
tpalhatively  better  method  for  rank  redaetkm  in  pseadospectrslGakridndeciqdng24>toriwileDcesimplations 
(PtHdPW).  thb  h  the  fiat  stage  of  an  etqperimetualmadiemaifcs  project  to  achieve  tank  rednetkm  (and 
therefore  lower  oosqdeai^)  in  saGhttmnedcaldmolatioas.  RmherdcMlopineat  of  tunnerical  algorithms  has 
began  with  methods  to  apply  and  mnltiply  operatots  In  the  wavelet  packet  or  best4>8sb 


